Let f be a conservative partially hyperbolic diffeomorphism, which is homotopic to an Anosov automorphism A on T 3 . We show that the stable and unstable bundles of f are jointly integrable if and only if every periodic point of f admits the same center Lyapunov exponent with A. In particular, f is Anosov. Thus every conservative partially hyperbolic diffeomorphism, which is homotopic to an Anosov automorphism on T 3 , is ergodic. This proves the Ergodic Conjecture proposed by Hertz-Hertz-Ures on T 3 .
Introduction
A diffeomorphism f on a closed Riemannian manifold M is partially hyperbolic if there exists a continuous D f -invariant splitting T M = E s ⊕ E c ⊕ E u and continuous functions σ, µ : M → R, such that
for every p ∈ M and unit vector v * ∈ E * (p), for * = s, c, u.
Since Pugh and Shub [20] conjectured that stably ergodic diffeomorphisms are open and dense in the space of C 2 conservative partially hyperbolic diffeomorphisms, ergodicity of partially hyperbolic diffeomorphisms has been one of the main topics of research in differentiable dynamics. A key ingredient of proving ergodicity for partially hyperbolic diffeomorphisms is a property called accessibility. In dimension 3, for instance, it has been showed [4, 17] that every conservative accessible partially hyperbolic diffeomorphism is ergodic. Moreover, accessibility [17] is an open dense property for partially hyperbolic diffeomorphisms with one-dimensional center bundle. It seems promising that we can classify 3 dimensional non-ergodic partially hyperbolic diffeomorphisms. Actually, Hertz-HertzUres proposed the following Ergodic Conjecture [16, 5] :
Conjecture 1. If a conservative partially hyperbolic diffeomorphism of a 3-manifold is non-ergodic, then there is a 2-torus tangential to E s ⊕ E u . In particular, the only orientable 3-manifolds that admit a non-ergodic conservative partially hyperbolic diffeomorphism are:
1. the 3-torus T 3 ;
2. the mapping torus of − Id; or
the mapping torus of a hyperbolic automorphism of the 2-torus.
The simplest 3-manifold supporting partially hyperbolic diffeomorphisms is 3-torus T 3 . It has been proven in [3, 19] that if f : T 3 → T 3 is partially hyperbolic, then the action f * : π 1 (T 3 ) = Z 3 → Z 3 is also partially hyperbolic. This means f * ∈ GL(3, Z) has three real eigenvalues with different modulos. One eigenvalue has modulo larger than 1, and one has modulo smaller than one. So there are two classes of partially hyperbolic diffeomorphisms on T 3 :
• either f * ∈ GL(3, Z) has an eigenvalue equal to -1 or 1;
• or f * ∈ GL(3, Z) is Anosov, i.e. every eigenvalue of f * has modulo not equal to 1.
In the first case, there are partially hyperbolic diffeomorphisms which are non-ergodic. For instance, an Anosov automorphism on 2-torus T 2 times identity map on S 1 is not ergodic. Moreover, it has been shown [13] that if such f is not ergodic, then it admits 2-torus tangent to E s ⊕ E u .
For the second case, it has been shown [15] In order to prove ergodicity for partially hyperbolic diffeomorphisms on 3-manifolds, the only obstruction is non-accessibility. If f is conservative, partially hyperbolic, and homotopic to an Anosov automorphism on T 3 , then f is non-accessible implies that the stable and unstable bundles of f are jointly integrable [15] . This is equivalent to f admits a 2-dimensional invariant foliation tangent to the union of stable and unstable bundles everywhere. We say that such an f is su-integrable.
Hammerlindl and Ures proved the following theorem. 
Conjugacy and su-integrability
Let f be a partially hyperbolic diffeomorphism which is homotopic to an Anosov automorphism A on T 3 . Then A is also partially hyperbolic [3, 19] 
A . These three invariant bundles are linear and corresponding to the three eigenvalues λ s , λ c , λ u of A respectively. From now on, we assume that the center bundle of A is expanding, i.e.
If f is su-integrable and h is a homeomorphism, i.e. f is topologically conjugate to A by h, then h preserves all invariant foliations h(F
Proof. Item 1 and 2 are well-known results by Franks [6] . Item 3, 4 and 5 were proved by Potrie in [19] . Item 5 see also [23] for absolutely partially hyperbolic diffeomorphisms. The fact that h is a conjugacy preserving all invariant foliations when f is su-integrable was proved by Hammerlindl and Ures [15] .
In 
Proof. We first prove this fact for
On the other hand, we have
Otherwise, we take 0
This proves that h −1 is Hölder continuous on every leaf of F 
Notation. Let p ∈ Per( f ) be a periodic point of f with period π(p). We denote by
Proof. From Lemma 2.2, let F : R 3 → R 3 be a lift of f and H : R 3 → R 3 be a lift of the semi-conjugacy
We can choose two pointsx,ỹ ∈ R 3 , such that 
Then for every n large enough, we have
(for a smooth arc J , |J | denotes the arc length of J .) This implies that for every n large enough, there
Taking an accumulation point µ 0 of the sequence of measures {
/n}, we get that µ 0 is an invariant probability measure of f and
By ergodic decomposition theorem, we can assume µ 0 is ergodic. Since µ 0 is a hyperbolic measure, by Liao's shadowing lemma (e.g., see [7, 8] , there exists a sequence of periodic points {p n } of f , such that lim n→∞ λ c (p n ) ≥ λ c (A).
Theorem 2.1 ([1]). Let p be a hyperbolic periodic point of a diffeomorphism f on a compact manifold. Assume that its homoclinic class H (p) admits a (homogeneous) dominated splitting T H (p) M = E ⊕ F with E contracting and dim(E ) = ind(p). If f is uniformly F -expanding at the period on the set of periodic points q homoclinically related to p, then F is uniformly expanding on H (p).

Lemma 2.5. Let f be a C
1 partially hyperbolic diffeomorphism which is homotopic to an Anosov auto-
is an f -periodic center arc, which must contain a periodic point of f admitting non-positive center Lyapunov exponents. This implies that for every p ∈ Per( f ), the unstable manifold W u f 
Now we consider the partially hyperbolic splitting 
Proof. We only have to show that there exists a sequence of periodic points {q n } of f , such that
This proof goes similarly with Lemma 2.4. In fact, sinceF c f is quasi-isometric, there exist constants a, b > 0, such that for every n large enough,
(for the definition of notations, see the proof of Lemma 2.4.) So there existsỹ n ∈ J c f , such that for
Taking an accumulation point µ 1 of the sequence of measures { n−1 i =0 δ f i (y n ) /n}, we have that µ 1 is an invariant probability measure of f and
By ergodic decomposition theorem, we can assume µ 1 is ergodic. Since f is Anosov, there exists a sequence of periodic points {q n } of f , such that lim n→∞ λ c (q n ) ≤ λ c (A).
The following theorem was essentially proved in the classical paper by Pugh-Shub-Wilkinson [21] . We will need it in Section 4. 
Theorem 2.2 ([21]). Suppose that f : M → M is a C
Joint su-integrability
In this section, we prove that if f is a C 1+α conservative partially hyperbolic diffeomorphism on T 3 which is homotopic to an Anosov automotphism, and the center Lyapunov exponent of every periodic point of f is equal to log λ c (A), then f is su-integrable. Firstly, we need the following lemma. Proof. From Lemma 2.5 and Corollary 2.6, we know that f is Anosov and λ c (p) = λ c (A) for every p ∈ Per( f ). Then Livshits Theorem implies that there exists a Hölder continuous function φ :
This implies that
Now we can define a metric on every leaf of F 
Since φ is bounded, there exists K > 1, such that
Moreover, the cohomology equation implies f is conformal on F c f under this metric:
From this conformal structure, we know that for every x ∈ T 3 and z ∈ F We denote d c (w 1 , w 2 ) = κ 0 > 0.
Claim 3.4. There exists a family of arcs
(x) admits x as the start-point and varies continuously with respect to x.
• I s (x 0 ) admits y 0 as the end-point, and I s (z 0 ) admits w 2 as the end-point.
• Every
• There exist constants
Proof of the claim. Let I s (x 0 ) be the arc from x 0 to y 0 in F . Then for every point x ∈ F cu f (x 0 ), we can define
Since every leaf of 
Finally, since F s A and F cu A are linear foliations, the uniform continuity of h gives us the constants
Symmetrically, we have the following claim.
Claim 3.5. There exists a family of arcs
• I u (x 0 ) admits z 0 as the end-point, and I u (z 0 ) admits w 1 as the end-point.
• Every x 2 ∈ F c s f
We fix the orientation of I s (x 0 ) from x 0 to y 0 to be positive and assume it coincides with the positive orientation of F For every x ∈ T 3 , we define the su-path J su (x) to be the path that goes through I s (x) to the endpoint y of I s (x), then go through I u (y) to the end-point w . We call w the end-point of J su (x).
Symmetrically, we can define the us-path J us (x) by going through I u (x) to the end-point z, then go through I s (z) to the end-point w . We call w the end-point of J us (x). • For every w ∈ T Now we lift these three family of arcs I s , I u and I c to the universal cover R 3 . We use the same notation for convenience. Now we fix x 0 ∈ R 3 and denote z 0 be the end-point of I u (x 0 ). Define inductively This implies that for every n, we have
Claim 3.6. There exists a family of arcs
This is a contradiction.
Rigidity of center Lyapunov exponents
On the other hand, denote γ = sup x∈T 3 
